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Abstract 



We consider the 2D incompressible Navier-Stokes equations with Dirichlet boundary con- 
dition in the exterior of one obstacle. Assuming that the circulation at infinity of the velocity 
^ I is sufficiently small, we prove that the large time behavior of the corresponding solution to 

^ ' the initial-boundary value problem is described by the Lamb-Oseen vortex. The later is the 

• ' well-known explicit self-similar solution to the Navier-Stokes system in the whole space R^. 
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1 Introduction 

It is well-known that the large time behavior of solutions of the initial-value problem for the 
—I. ■ Navier-Stokes equations considered either in the whole space M", n ^ 2, or in an exterior domain 
•/^ . depends on integrability properties of initial conditions. In the finite energy case, that is when 



the velocity is square integrable, a solution tends to zero in //^(M") as time goes to infinity, see 
e.g. [2, 18, 19] and references therein. In this case, nonlinear effects are negligible for large values 
O \ of time and asymptotics of solutions is determined by the corresponding Stokes semigroup. 

On the other hand, when an initial velocity is not square integrable, a solution of the initial 
value problem for the Navier-Stokes in R" with n ^ 2 is constructed in a so-called scaling invari- 
ant space i^e.g. in a homogeneous Besov space or in a weak L"-space) under suitable smallness 
rN \ assumption on initial conditions, see the review article [3] and the book [16] . Here, the large time 
c^ I behavior of solutions is described by self-similar solutions to the Navier-Stokes system. 

In this work, we contribute to the theory on the asymptotic behavior of solutions of the Navier- 
Stokes system in a two dimensional exterior domain. First, however, we recall that the Navier- 
Stokes system in the whole space M^ has an explicit self-similar solution called the Lamb-Oseen 
vortex 

(1.1) Q{t,x) = (l-e^~), with x^ = {x2,-Xi), 

which appears in the large time expansions of other infinite energy solutions of this system. Let 
us explain this result. 

For every initial vorticity Uq G L^(M^), one obtains the corresponding divergence-free initial 
velocity field Uq via the Biot-Savart law. It is well-known that constructed-in-this-way initial 
condition belongs to the scaling invariant space L^'°°(]R^) (the weak L^-space) and the Navier- 
Stokes equations have a unique global-in-time solution corresponding to such an initial datum, see 



[12]. Moreover, the large time behavior of solutions to the initial value problem for the 2D Navier- 
Stokes equations with an initial vorticity from L^(]R^) is given by the multiple of the Lamb-Oseen 
vortex aO, with the circulation at infinity a = J^2 ^o{x) dx. This result was proved in [11] if ooq 
is small in L^, in [5] in the case of small circulation, and in [9] in the general case. In fact, due to 
the regularizing effect of the Navier-Stokes equations, as far as large time behavior is concerned, 
an initial vorticity can be an arbitrary bounded Radon measure in M^, see [8]. 

The aim of this paper is to show an analogous result on the large time behavior of solutions 
of the 2D Navier-Stokes equations in an exterior domain with the Dirichlet boundary condition, 
when the initial velocity is not square integrable. Here, however, due to the fact that a vorticity 
does not verify any reasonable boundary conditions, we cannot use the vorticity equation. Hence, 
we formulate our hypothesis and results in terms of velocity rather than of vorticity. To see which 
hypothesis should be imposed on an initial velocity, we recall that, for every bounded compactly 
supported vorticity, one can construct the corresponding velocity field in an exterior domain, 
which behaves when |x| — )> oo as the vector field a;-'-/|a;p, see [13, Sec. 2.2] and [14, Sec. 3] for 
more details. For this reason, we assume in this work that our initial velocity is a small multiple 
of the particular vector field x-'"/|xp plus a large L^ part. 

Let us now be more precise. Assume that i7 C M^ is an exterior domain, whose complement 
is a bounded, open, connected and simply connected set, with a smooth boundary F. Moreover, 
without loss of generality, we can assume that 5(0, 1) C M^ \ fi. We consider the incompressible 
Navier-Stokes equations in Vt with the Dirichlet boundary condition 

0, div-u = 



1.2) 


dtu- ^u + u-Vu + Vp 


1.3) 


u{t,x) = 


1.4) 


u{0,x) = uo{x) 



for t > 0, 


X en, 


for t > 0, 


xeT, 


for X E Q. 





Above, Uq must be divergence free and tangent to the boundary. In the following, we assume that 
the initial condition is of the following particular form 

(1.5) Uo = Uo + aHn 

where Mq ^ -^ct(^) i^ ^^ arbitrary square integrable, divergence free, and tangent to the boundary 
vector field, and Hq the unique harmonic vector field in Q {i.e. the unique vector field on Q which 
is divergence free, curl free, vanishing at infinity, tangent to the boundary, and with circulation 
equal to 1 on the boundary F). It was proved in [13, Sec. 2.3] that such a harmonic vector field Hfi 
exists and behaves at infinity like x~^ / {27i\x\'^) . Moreover, it follows directly from [14, Lemma 6 
with £ = 1] that every velocity field with a compactly supported bounded vorticity can be written 
under the form (1.5). Notice, however, that in an exterior domain, the circulation at infinity a is 
not the integral of the vorticity as it is in the full plane case. Namely, here, one has to subtract 
the circulation of the velocity on the boundary, so the integral of the vorticity is in fact the total 
circulation of the velocity, see [13, Sec. 3.1] for more details. 

If the circulation at infinity is sufficiently small, we are able to prove a counterpart of the result 
from [11, 5, 9] on the large time behavior of the Navier-Stokes in the whole plane. The following 
theorem contains the main result of this work. 

Theorem 1. For every uq G L^{^) there exists a constant ao = ao{uo,Q) > such that for all 
\a\ ^ «o the solution of problem (1.2) -(1.5) satisfies 
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1.6) limt2 v\\u{t)-aQ{t)\\LP(n) = 



for each p G (2, oo) 



In other words, Theorem 1 says that the large time behavior of solutions to the Navier-Stokes 
system in an exterior domain, supplemented with the Dirichlet boundary condition and particular 
initial condition (1.5) is described by the explicit self-similar solution (1.1) of the Navier-Stokes 
system. 

Remark 2. The global-in-time well-posedness for problem (1.2)-(1.5) was established by Kozono 
and Yamazaki [15, Thm.4]. The existence part of that result requires an initial velocity mq to 
satisfy a smallness condition of the form limsup-R|{x G fi : |-uo(2^)| > -R}|^^^ ^ 1. This condition 



'2/ 



is satisfied for every uq G L^i^)- Since Hq is bounded, the limsup above is always zero in this 
case. 

We apply the following strategy to prove Theorem 1. In the next section, we prove the limit 
relation (1.6) for the linear evolution, that is when the nonlinear term u-Vu is skipped in equation 
(1.2). This is achieved by combining results in [14] with a rescaling technique used by Carpio in [5]. 
Next, in Section 3, we show that we can assume, without loss of generality, that Uq is small in the 
norm of the space L'^'°°{Q), by replacing the initial condition in (1.4) with u{tQ,x) with sufficiently 
large to and choosing sufficiently small \a\ (see Lemma 11 below). Finally, using the integral 
representation of solutions to problem (1.2)-(1.4), we apply a stabilization argument inspired from 
[1, 4] to show that, for small data in L^'°°(r2), the asymptotic stability at the level of the Stokes 
equation implies the asymptotic stability at the level of the Navier-Stokes equations. 

Notation. In the following, the space L^{Q) is the closure of the set of smooth, divergence- 
free, and compactly supported vector fields C^{Q) with respect to the usual L^-norm. We denote 
by ¥q the Leray projection, i.e. the L^ orthogonal projection onto L^(f2), which can be extended 
to a bounded operator on Lp{Q) for every p G (1, oo). Thus, the space L^{^) is the image of LP{fi) 
by Pq. In a similar way, for every p G (1, oo), we define L^'°°(r2) = Fq{LP'°°{D.)), where L^'°°(fi) 
is the Marcinkiewicz weak L^-space. Hence u G LP'°°(f2) if -u G LP'°°(r2) x LP'°°(i7), div-u = in 
fi and M ■ n = on r, where n is the normal vector to the boundary F. The ball -8(0, R) C M^ 
is centered at zero and of radius R > 0. By the letter E, we denote the extension operator of 
functions defined on Q to M^ with zero values outside the domain of definition. 

2 Asymptotics of solutions to the linear evolution 

It is well-known that the Stokes operator associated with the following linear boundary value 
problem 



(2.1) 


dtv -Av + Vp = 0, 


divw : 


= 


for t > 0, 


X eQ, 


(2.2) 


v{t,x) = 






for t > 0, 


xeT, 


(2.3) 


v{(},x) =Vo{x) 






for X e ^, 





where vq is divergence free and tangent to the boundary, generates an analytic semigroup S{t) on 
LP[Q), for each 1 < p < oo, see [10]. Moreover, this semigroup satisfies the following decay L^ 
estimates. 

Proposition 3. Assume that 1 < q < oo. 

Let q ^ p ^ oo. There exists Ki = Ki{Q,p, q) > such that for every Vq G L'^{^) 

(2.4) \\S(t)vo\\LP(^n) ^ Kitp'^\\vo\\Lq(^Q) for all t > 0. 

If, in addition, we assume that q < p ^ oo, then for every Vq G L'^'°°{Q) we also have 

(2.5) \\S{t)vo\\LP(^a} ^ Kitp'^\\vo\\Lg,oo(^f^) for all t > 0. 



There exists K2 = K2{fi, q) > such that for every vq G L'^°°{Q) we have the inequality 

(2.6) \\S{t)vo\\Li.oo(^Q) ^K2\\vo\\Lq,^^Q) for all t > 0. 
Let q ^ p ^2. There exists K^ = K3{Q,p, q) > such that 

(2.7) \\VSit)vo\\LPin)^K3t-^^r--^\\vo\\LHn) for all t > 0. 

Assume q ^ 2 and let q ^ p < 00. Then there exists K^ = K4{Q,p, q) > such that for every 
matrix F E L^iVl; M2x2(M)) 

(2.8) ||5(t)Pf,divF|Up(n) ^i^4t"^+^"'||i^lU.{n) for all t > 0, 

with the divergence div computed along rows of the matrix F . 

Estimates (2.4)-(2.7) were proved in [6, 7, 15, 17] and estimate (2.8) follows from (2.7) by a 
duality argument because the adjoint of VS{t) on -^^(fi) is S'(t)Pdiv. 

Remark 4. Recall the following scale invariance of the Stokes equations: the vector (t;(t, x),p(t, x)) 
is a solution of system (2.1) on Q if and only if for every A > the vector {\v{XH, Xx), X^pi^XH, Xx)) 
is a solution of the same system on Q/X = {x G M^ ; Ax G fi}. It follows from this scale invariance 
that the constants Ki,. . . ,Ki associated to Vt/X are independent of A. 

The following corollary contains a minor improvement of the decay estimate (2.4). 
Corollary 5. Assume that 1 < q < 00 and let vq G L^(r2). Then for every p G (g, 00) 

lim t'^'v\\S{t)vQ\\Lv{n) = 0. 



Proof. This limit relation is clear when the initial datum is smooth and compactly supported. To 
show it for all vq G L^{Q), it suffices to use a standard density argument combined with estimate 
(2.4). D 

Now, we consider the linear problem (2.1)-(2.3) with the initial datum vq = Hq, where H^ the 
unique harmonic vector field in Q. The main goal of this section is to show that the large time 
behavior of S{t)HQ is described by the Lamb-Oseen vortex 0. More precisely, we will prove the 
following theorem. 

Theorem 6. For every p G (2, 00), we have lim t'^~p\\S{t)HQ — 0(t)||iP(j7) = 0. 
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The reminder of this section is devoted to the proof of this theorem. Here, we use a scaling 
argument that was also applied in [5] to study large time asymptotics for the Navier-Stokes 
equations. Hence, for every A ^ 1, we define 

^A = fi/A = {x G M^ ; Xx e n}. 

The vector field XHq{Xx) is divergence free, curl free, tangent to the boundary of Qx, vanishes at 
infinity and has circulation equal to 1 on dQ\. Thus, by [13, Prop. 2.1], this rescaled vector field 
has to be equal to the unique harmonic vector field on Qx, namely, we have the identity 

(2.9) Hn,{x) = XHniXx). 

Let us now denote by Sx{t) the Stokes semi-group on the domain Qx and let us define 

(2.10) Hx{t,x) = Sxit)Hn^. 



By the scaling invariance of equations (2.1), by (2.9), and by the uniqueness of solutions to the 
Stokes problem, we infer that 

Hxit,x) = \Hi{\H,\x), 

where we put Hi{t,x) = S{t)HQ. Recalling, moreover, the scaling property of the Lamb-Oseen 
vortex AO(A^t, Xx) = Q{t,x), we observe that the conclusion of Theorem 6 is equivalent to 

lim \\Hx{l) - e{l)\\LPin,) = for every p E (2, oo). 

In the following, we denote by E the extension operator to M^ with zero values outside the domain 
of definition. Since 0(1) is abounded function, we immediately obtain that lim ||0(l)||Lp{R2\n;,) = 

0. Hence, in order to prove Theorem 6, it suffices to show that 

(2.11) EHx{l,x)^-^ e{l,x) strongly in L^iR^) for every pe(2,oo). 
First, we state a result on the weak convergence. 

Lemma 7. Let Hx{t,x) = XHi{X'^t,Xx). Then 

(2.12) EHx{l,x)^-^ Q{l,x) weakly in /.^'(M^) for every pe{2,oo). 

Proof. Observe now that due to the identity ||-?Jn^||j^2,oo(.f^ . = \\Hq\\j^2,oc^^-. for every A ^ 1, the 
scaling invariant estimate (2.5) implies that the family {EHx{l)}\^i is bounded in L^(]R^) for 
every p G (2, oo), hence weakly compact in these spaces. 

From now on, we follow the reasoning from [14], where the authors considered the Navier- 
Stokes equations in Qx with a more general initial velocity. In our case, the initial vorticity 
vanishes while in [14] the vorticity is smooth, independent of A and compactly supported in 
M^ \ {0}. The difference between the Stokes and the Navier-Stokes equations is the bilinear term 
u ■ Vu which only complicates matters. Therefore, ignoring all additional difficulties caused by 
the bilinear term, the results proved in [14] go through to our case. Note that the smallness 
assumption required in [14] is irrelevant in this work since we deal with a linear equation. 

Let us be more precise. It was proved in [14] (see Proposition 18 and the end of the proof 
of Theorem 22) that ¥^2[r]^EHx] converges to the Lamb-Oseen vortex O when A — )■ oo, up to 
a subsequence, uniformly in time with values in i/j~^(M^). The precise definition of the cut-off 
function rj^ is not required here (the interested reader can find it in relation (4.1) of [14] with 
e = 1/A). We only need to know that ^ rj^ ^ 1, that rj^ vanishes in the neighborhood of the 
boundary of fix and that ri^{x) = 1 for all |a;| > C/X. 

In particular, we have that F^2[ri'^EHx{l)] — )■ 0(1) in H[^^(M?) when A — )■ oo, up to a sub- 
sequence. On the other hand, the sequence F^2[ri'^EHx{l)] is bounded in Lp{M?) since Hx{l) is 
bounded in L^^Qx)- By uniqueness of limits, we infer that F^2[ri^EHx{l)] — )■ 0(1) weakly in 
LPiR"^) as A ^ oo. 

Finally, we observe that 

\\¥r4r]^EHxil)] - EHximL^R^) = \\F^4iv'' " l)EHxil)]\\LHm 

^ C\\{r]' - l)EHxmLHR') < C\\Hx{l)\\L^in)mes{B{0,C/X))-p ^ CX'I '-^0. 
This completes the proof of the lemma. D 

Consequently, to prove the strong convergence (2.11), in view of the weak convergence (2.12), 
it suffices to show that {EHx{l)}x^i is relatively compact in ^^(IR^) for every p G (2,oo). Here, 
we proceed in two steps; we show that the family {EHx{l)}x^i is: 



i) relatively compact in L]'g^(M^) for every p G (2, oo) (Lemma 8, below), 
ii) small in the L^-sense for large |a;|, uniformly in A ^ 1 (Lemma 9). 

Then, the relative compactness of the family {EHx{l)}x^i in the space Lp(R^) is a consequence 
of a standard diagonal argument. Here, a set is called to be relatively compact in L]'^^(R^) if it is 
relatively compact in L^{B{0, R)) for every R > 0. 

In the following two lemmas, i? > 1 is a sufficiently large constant and 

(2.13) hnix) = h{x/R), where h G C'^{R'^) 

is such that h{x) = for |a;| < 1 and h{x) = 1 for |a;| > 2. 



Lemma 8. Let H\{t) he defined in (2.10). The set {EHx{l)}x^i is relatively compact in L 
for every p G (2, oo). 



loc\ 



Proof. Here, as the usual practice, one could show L^-estimates for 'WEHx{l) which are uniform 
in A ^ 1. Unfortunately, we do not know any scaling invariant gradient estimate for solutions of 
the Stokes equation with initial conditions from L^'°°(r2). Thus, we have to proceed in a different 
manner. 

Recall first that, by [13, Prop. 2.1], the vector field Hq^ is smooth, bounded, and there is a 
constant C > such that \H^{x)\ ^ C/\x\ for a\\x eVt (recall that fi C M^ \ 5(0, 1)). Since the 
rescaled harmonic vector field H^^ is divergence free and tangent to the boundary, we can write 
the following decomposition 

Hn, = Fn.Hn, = ^n,{hRHn,) + Pn,[(l - hn)Hn,], 

with the cut-off function hn defined in (2.13). 

Obviously, the Leray projector Fq^ is a bounded operator on the space L'^{Qx) for each 1 < g < 
oo, with norm independent of A. Thus, for fixed q G (1,2), using the identity (2.9) we estimate 

WFnAil - hR)HnMLHn,) ^ C\\il - hR)HnALHn,) ^ CX\\Hn{\-)\\L.(n,nB(o,2R)) 

1—2 1—- 1 

(2.14) = CA «||i/n||L9(f7nB{o,2i?A)) ^ C'A 



L9(l<|a;|<2_RA) 



^C{q,Q)R- 



■ -1 



Therefore, the quantity ^^^[(1 ~ hjijE^^] is bounded in L'^{fix) with q G (1,2), uniformly with 
respect to A. Now, we deduce from the scaling invariant decay estimates (2.4) and (2.7) that 
{5A(l)Pn,[(l - hR)Hn,]}^^^ is bounded in H\nx). Moreover, since ^A(l)Pf7j(l - hR)Hn,] van- 
ishes on the boundary of fix we have the relation 

EVSx{l)FnAi^ - hR)Hn,] = VE5A(l)PnJ(l - M^nJ 

which implies that {ESx{l)Fn^[il — hR)HQ^]^ ^^^ is bounded in H^{M?). By the compactness of 
the Sobolev imbedding H^R"^) C L^^iM.'^), we infer that the set {ESx{l)Fn^[{l - hR)Hn^]}^^^ is 
relatively compact in Lfg^(R^) for all p G (2, oo). 

On the other hand, calculations similar to those in (2.14) with p G (2, oo) lead to the inequality 



\rn,hRHnMLnn,)^C\'-t 



1 



^ c(p, n)Rp 

LP{\x\>RX) 



^-1 



Using the decay estimate (2.4) we infer that 

\\ESxil)¥n,ihnHnJ\\Lnm = WSxil^nAhRHnJUnn.) 

^ C\\¥ndhRHn,)\\Lnn,) < C{p,n)Rl-\ 

Finally, since ESx{l)FQ^{hjiHQ^) tends to zero in L^(]R^) as i? — )■ oo uniformly in A and since 
the family {ESx{1)Fq^[{1 — hji)Hfi^]}x^i is relatively compact in L^^^(R^) for every fixed R, we 
infer that 

(2.16) EHxil) = ESxil)Hn, = ESx{lWn,{hRHn,) + ESxil^nAi^ - M^f^J 

is relatively compact in Lfg^(R^). D 

Lemma 9. Let Hx{t) he defined in (2.10) and Hr he defined in (2.13). For every p G (2, oo), we 
have that lim \\hREHx{l)\\LPCB?) = uniformly m A ^ 1. 

i?-i-oo 

Proof. Let e > be an arbitrary small constant and Rq = Ro{£) be a large constant to be chosen 
later. We estimate the L^-norm of hptEHxil) using the decomposition of EHx{l) from (2.16) with 
R = Rq. First, repeating the calculations from (2.15) we have 



\hRESx{l)lPnAhRoHnJ\\Lm^) < C{p,n)Rr 







Since the right-hand side tends to as i?o ~^ oo uniformly in A ^ 1, there exists Rq independent 
of A such that 

\\hRESx{lWn,{hR,Hn,)\\Lm') ^ ^ ^^i all A ^ 1. 
Now, for fixed Rq, we show that 

lim hREvxil) = with vx{t) = SxmnAi^ - hR,)Hn,] 

where the convergence is in the norm of L^(R^) and is uniform with respect to A ^ 1. 

First, it follows from relation (2.14) that vx{0) = ¥^^{1 — hR^,)HQA is bounded in L'^{Qx) for 
each 1 < g < 2, uniformly in A ^ 1. Using the decay estimates for the Stokes equation stated in 
(2.4) and (2.7), we infer that vx verifies 

(2.17) \\vx{t)\\LHn,)^C{q) and \\Vvx{t)\\mn,) ^ C{r])t-'^, uniformly in A > 1, 

for each g G (1, 2), r^ = 1/q G (1/2, 1), and all t > 0. 

Let ux denote the curl of vx- The quantity EHrUx verifies the following equation in the full 
plane 

dt{EhRUx) - HEhRUx) = E [AHrcux - 2 div(yhRtux)] in IR+ x M^ 

supplemented with the zero initial datum, because 

EhRUxiO) = EhRcmlvxiO) = E/i^curlPf,J(l - /i^jji/nj 

= EhRcml[{l - hR,)Hn,] = -EHrH^^ ■ V^Hr, = 

for R > 2Rq. In these calculations, we used the fact that, for any vector field w, the quantity 
w — Fn^w is a gradient, that Hn^ is curl free, that supp Hr C {|a;| > R} and that supp V/i_Ro C 
{Ro < \x\ < 2Ro}. 

The Duhamel principle for the inhomogeneous heat equation in the full plane implies now that 

(2.18) EhRtuxil) = [ -— ^ -e"^ * E [AHrcux - 2 diviVhRtox)] (s) ds. 

Jq 47r(l - s) ^ 



Let q G (1, 2) satisfy 1/g = 1/2 + 1/p. We estimate the L'^-norm of EhRUJ\{l) using relation (2.18) 
in the following way 

\\EhRUx{'\)\\Lim)^C I ||e '^^^^:^^\\mK2)\\/^hRUJx\\Lim)ds 



1-s 



/ 1 .p 

+ C' / -^ ||V[e '*(l-»']||Ll(R2)||V/li?WA|U9(R2)rfs 





1 i-i 



^C I \\AhR\\LP(M.2)\\uJx\\L2(n^) + C I \\'VhR\\Lpm.2\\\ux\\L2(n^)ds 

Jo Jo Vl - s 

^ C / (||A/ir||lp(m2) + ||V/iij||LP(R2))(l + (1 - s)"^)s"^ rfs 

^0 



'0 

^ crI-\ 

where we used (2.17). We conclude, using again (2.17), that 

\\cVlY\{EhRVx{l))\\LiiM.2) ^ \\EhRUJx{l)\\Li(R'^) + \\Evx{l) ■ V-^/lij||L9(M2) 

^ \\EhRUJxil)\\L'}(E.2) + ||^^A(l)||L'?(f7;,)||V/lR||Loo(l;2) 

On the other hand, we can also bound 

C 

\\div{EhRVx{l))\\Li(M.^) = II^^a(I) ■ V/li?||L9(i;2) ^ ||t;A(l)||L9(n;,)||V/lij||Loc(K2) ^ — . 

Finally, putting together these estimates, we obtain 
\\EhRVx{l)\\Lr'm <: C\\V{EhRVx{imLHU^^) 

^ C\\ dw{EhRVx{l))\\L.m + C\\ cml{EhRVx{m\L.m ^ CrI-' ^-^ 
uniformly in A ^ 1. This completes the proof of Lemma 9. D 

3 Proof of the main result 

The proof of Theorem 1 proceeds in two steps. First, we reduce the problem to the study 
of initial velocities, which are small in the L^'°°-norm. In the second step, we assume that uq is 
sufficiently small in L^'°^(r2) and we show that if the solution of the Stokes problem (2.1)-(2.3) 
converges towards the Lamb-Oseen vortex, then so does the solution of the nonlinear problem. 
Once these two steps are completed. Theorem 1 follows from Theorem 6. 

3.1 Reduction to the case of small initial velocity. 

We begin by recalling a classical result on the L^-decay of weak solutions to problem (1.2)-(1.4). 

Theorem 10 (Borchers & Miyakawa [2, Thm. 1.2]). For every uq G L'^{^) there is a unique weak 
solution u G L°°((0,oo);L^(ri)) n Lf^^{[0,oo); H^{n)), of problem (1.2)-(1.4) with Uq = Uq as an 
initial datum, such that lim ||M(t)||i2 = 0. 

We show now the following auxiliary result. 



Lemma 11. Let u be a solution to (1.2)-(1.4) with uq of the form (1.5) with arbitrary uq G L'^{^) 
and a G M. Denote by u the weak solution from Theorem 10. For every tQ > 0, we have that 

sup \\u(t) — u{t) — aS'(t)iJn||L2(f7) —^0 as a — )■ 0. 

[0,to] 

Proof. We show a L^-estimate for the function z{t) = u{i) — u{i) — aS(t)HQ which satisfies the 
following equation 

(3.1) dtz- Az + (u + z + aHi) ■ V(m + z + aHi) -u-Vu + Vp = 0, 

where Hi{t) = S{t)Hn. 

We multiply equation (3.1) by z and integrate in the space variable to obtain, after some 
integrations by parts, 

2';^\\4h{n) + \\^4h(n) =a u-Vz- H^- j z -Vu ■ z + a j z -Vz ■ Hi 

(^•2) +a I Hi-Vz-u + a^ ( Hi-Vz-Hi 



= h +h+h + h + h- 

Using the following interpolation inequality 

\\f\Win) ^ C7||/|||,(^)||V/||i(^) for every / G Hl{n), 
we bound each term on the right-hand side of (3.2) in the following way 



6 

I T2(r,^ IIV?/, II T-2lr,\ < 

6 



-'- "2 I /<~(|U||2 IIV7~l|2 



h ^ lkllL4(n)l|VM||L2(f^) ^ C||2;||L2(n)||V2;||L2(n)||VM||L2(n) ^ -||V2;||^2(f^) + C'||2;||^2(^)||VM||^2(f^), 



h ^ |"||kllL2(n)||V2;||2,2(Q)||i7i||ioo(j^) ^ g||Vz||^2(Q) + Ca \\z\\l2(^^)\\Hi\\^^^^^, 



1 



|2 I r<„2\\ TT ||2 ||~I|2 



h ^ |a|||i/i||L°=(f7)||V2;||L2(^)||M||i2(f^) ^ -||V2;||^2(Q) + Ca \\Hi\\^oc,(^^)\\u\\^2(yiy 
Plugging the above inequalities into (3.2) yields 

II l|2 I ||V7 ||2 ^nW l|2 ('IIV7~I|2 i 2||rT ||2 \ 

-TTll^llL2(f7) + o ll^^llL2(n) ^'-^ll^llL2(n)UI V'"||^2(!^) + a ||-Hi||loo(j^)J 

+ Ca ||-f^i||Loo(j^)||-u||^2(!^) + Ca ||iJi||^4(!^). 
Recall that -Zq = and Hi{t) = S{t)HQ. Thus, the Gronwall inequality implies 

"to /"to 

Mhm^Cam 

[0,to] 



sup|k||i2(^) ^Ca^f / \\S{T)Hn\\lo.^a-j\\u{T)\\l2^^)dT + a^ / || 5(r)iJn || i4(^) rfr 

[O,tol ^"'0 ^0 



xexp(cj \\Vu{r)\\l2^^^^dr + Ca^ j ||5(r)iJf,||i^(^) rfr). 

Since u G L°°((0,to); L'^iS^)) n iv^((0,to); H\n)) and since Hn G ^^(fi) for all p G (2, oo], we infer 
from the decay estimate (2.4) that the right-hand side of the above inequality is finite and tends 
to zero as a — )■ 0. This completes the proof of Lemma 11. D 
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In the following, we need a simple consequence of this lemma. 

Corollary 12. Under the assumptions of Lemma 11, for every e > 0, there exists ao = ao{Q, uq, e) > 
and To = To{Q,UQ,e) ^ such that if \a\ ^ ao then ||m(To)||l2,oo(q) ^ e. 

Proof. Let £ > be arbitrary. First, by Theorem 10, we choose Tq so large to have ||M(To)||i2(-f^) ^ 
e/3. Next, by (2.6), we have the following bound 

provided that ao ^ e / (3K2\\H^\\L2,oo(^Qyj . Finally, we infer from Lemma 11 that if ao is sufficiently 
small, then 

sup \\u{t) - u{t) - aS{t)Hn\\L2(n) ^ -. 

[0,To] <3 

Consequently, 

\\u{To)\\l2,^^q) <||m(To) -m(To) -aS{To)Hn\\L2,^{n) + \\u{To)\\l2,c^(^q^ 
+ \\aS(To)Hn\\L2,a^(_Q) ^ e. 

n 

3.2 Large time asymptotics for small velocities. 

Now, we show that, for sufficiently small initial conditions, if the linear evolution converges to 
the Lamb-Oseen vortex, then so does the nonlinear evolution. This result is stated in the following 
proposition. 

Proposition 13. Let uq G L^'°°(f2) and denote by u = u{t,x) the corresponding solution to 
(1.2)-(L4). There exists e = £{^) > such that z/max{||-uo||L2.°°{n)) |<^|} ^ £ o-nd if 

(3.3) limt^~p||5(t)Mo-a0(t)||LP(m = for every p G (2, oo) 

then 

(3.4) lim t2"p||M(t) - a0(t)||LP(m = for every pe(2,oo). 

Proof. It follows from the results in [15, Thm. 3] that for every p G (2, oo) there exists a constant 
C{p) > such that 

(3.5) snpt"^'p\\u{t)\\LP(n) ^C{p)e, 

provided e > is sufficiently small. 

First, we show relation (3.4) for p = 4. The Duhamel principle allows to rewrite problem 
(1.2)-(1.4) as the integral equation 

u{t) = S{t)uo- / S{t-s)Fndiv{u^u){s)ds. 
Jo 

Subtracting the Lamb-Oseen vortex O on the both sides of the above relation we get 

u{t) - a0(t) = S{t)uo - a0(t) - / S{t - s)Fn div{u ® u){s) ds 

Jo 

= S{t)uo - a0(t) - / S{t- s)Fn div [{u - a0) ® m + a0 ® (m - a0)] (s) ds, 
Jo 
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because P^ div(0 (g) 0) = 0. This is a consequence of the fact that the vector field G is orthogonal 
to the gradient of a radial function so that div(0 (g) 0) is a gradient. 

Now, computing the L^-norm of the above equality, using the decay estimates for the Stokes 
semigroup (2.8), the Holder inequality, the assumption on a, and estimate (3.5) we obtain 

\\u{t) - aQ{t)\\L,^n) < \\S{t)uo - aQ{t)\\mn) 

+ C {t- sy^\[{u-aQ)(g)U + aQ(g) {u-aQ)]{s)\\L2(^Q)ds 
Jo 

^\\S{t)uo-QmLHn) 

+ C it- s)-3||(m - a0)(s)|U4(^)(||M(s)|U4(f,) + ||a0(s)||i4(^)) ds 





t 



3 1 



^ \\S{t)uo - a0(t)||L4(n) + Ce {t - sy^^s'i\\{u - ae){s)\\mn) ds. 

Jo 

Hence, denoting ({t) = t4||-u(t) — a0(t)||j^4(j^) we infer that 

C{t)^t-*\\S{t)uo-aQ{t)\\L^n) + Cet-* / {t - s)--*s-'^C{s) ds 

Jo 

^t-*\\Sit)uo-aeit)\\L.in) + Cs [ (1 - r)-tr-k(tr) rfr. 



Now, we compute limsup of both sides of this inequality and we use (3.3) for p = 4. By the 



t—^oo 



Lebesgue dominated convergence theorem, we obtain 

/ 3 1 

lim sup ^ (t) ^ Ce limsup C(t) / {1 — t)^^t^'2 dr = Ci€lirasupC{t), 

where Ci is a constant independent of e. If Cie < 1, this inequality implies immediately that 
limsupC(t) = 0, which is the relation (3.4) for p = 4. 

The same argument as above works for p 7^ 4 but the constant Ci will depend on p so the 
smallness condition Cie < 1 cannot hold true unless e = 0. To get around this difficulty, we show 
that if (3.4) holds true for p = 4 then it holds true for all p G (2, 00). Using similar computations 
as above we obtain 

\\uit) - aQit)\\LP(n) ^ \\Sit)uo - a0(t)||LP{n) 

+ C{p)e / {t - sy'^^p s^-^\\u{s) - ae{s)\\L4^n) ds 
Jo 

^ \\Sit)uo-ae{t)\\L,(^n) + C{p)et-^--^ f (1 - r)-i+ir-k(rt) rfr. 

Jo 

J. _ j^ 
Multiplying both sides of this inequality by t^ p , computing lim sup, and using the already-proved 

decay for p = 4 completes the proof of Proposition 13. D 

3.3 Proof of Theorem 1. 

We fix e > required in Proposition 13 and choose ao G (—e,e) and To as in Corollary 12 to 
have that ||'u(To)||l2, 00(^7) ^ e. Let us observe that u{To) verifies 

(3.6) u{To)-aHneLl{Q). 
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Indeed, it follows from Lemma 11 that u(To)—u{To) — aS(To)Hn G Ll{Q). Clearly u(Tq) G L^(i7), 
because m is a square integrable weak solution of the Navier-Stokes equations. Moreover, we have 
S(t)HQ — Hq G Ll.{Q) as was shown in [14]. Thus, the proof of (3.6) is complete. 
In particular, using Corollary 5 we have 

lim t2'p\\S{t){u{To) - aifn)llLP(n) = for every p G (2, oo). 

Thus, we infer from Theorem 6 that 

lim t^'p\\S(t)u(To) - ae(t)ILpm) = for every p G (2,oo). 

t->oo 

Apply now Proposition 13 starting from time Tq to obtain 

lim(t -To)2"i||M(t) -a6(t-To)||LP(o) = for every pG(2, oo). 
A calculation using the explicit formula for given in (1.1) shows that 

(t - To)^-^ ||0(t) - 0(t - To)IUp(n) = ||0(1) - 0(-4f) lUn^) ^0 as t ^ oo 

by the dominated convergence theorem (observe that |0(7::^)| ^ |0(1)|)- This completes the 
proof of Theorem 1. 
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